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RNA Secondary Structure
Definition

A secondary structure of an RNA r ∈ {A,C,G,U}+ is a matching
S ⊆ {(i , j) ∈ N+ | i < j ≤ |r |} of pairs of positions such that for all (i , j), (k , ℓ) ∈ S,

{l(i), l(j)} ∈ {{C,G}, {A,U}, {G,U}} (Watson-Crick or Wobble pairs)
j − i > 3 (minimum base pair span θ = 3)

i < k < j implies ℓ < j (no pseudoknots)

C U G A C C C U G G U A A C U C G A
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Computational Problems

MINIMUM FREE ENERGY UNDER ENERGY MODEL E
Input: A sequence s
Output: MFE minS∈Ω(s) E(s,S)

PARTITION FUNCTION UNDER ENERGY MODEL E
Input: A sequence s and a positive temperature in Kelvin
Output:

∑
S∈Ω(s) exp{−E(s,S)/kT}
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Triplet repeats

Definition

A triplet repeat (TR) RNA sequence is a word r ∈ {X · Y · Z}k for k ∈ N+ and
X ,Y ,Z ∈ {A,C,G,U}.
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Base pair maximization

Non-triplet setting: O(n3) (Nussinov 1975)
For triplet repeats (XYZ )k : maximum 0 or k − 1 base pairs (→ linear time)
The optimal structure is one iterative stacking of one pair of bases

G C U G C U G C U G C U G C U

can be translated to more complex energy models, under reasonable
assumptions

K. Boehmer, S. Berkemer, S. Will, Y. Ponty Structure and Interaction Prediction of RNA Triplet Repeats 23rd September 2025 5 / 18



Base pair maximization

Non-triplet setting: O(n3) (Nussinov 1975)

For triplet repeats (XYZ )k : maximum 0 or k − 1 base pairs (→ linear time)
The optimal structure is one iterative stacking of one pair of bases

G C U G C U G C U G C U G C U

can be translated to more complex energy models, under reasonable
assumptions

K. Boehmer, S. Berkemer, S. Will, Y. Ponty Structure and Interaction Prediction of RNA Triplet Repeats 23rd September 2025 5 / 18



Base pair maximization

Non-triplet setting: O(n3) (Nussinov 1975)
For triplet repeats (XYZ )k : maximum 0 or k − 1 base pairs (→ linear time)

The optimal structure is one iterative stacking of one pair of bases

G C U G C U G C U G C U G C U

can be translated to more complex energy models, under reasonable
assumptions

K. Boehmer, S. Berkemer, S. Will, Y. Ponty Structure and Interaction Prediction of RNA Triplet Repeats 23rd September 2025 5 / 18



Base pair maximization

Non-triplet setting: O(n3) (Nussinov 1975)
For triplet repeats (XYZ )k : maximum 0 or k − 1 base pairs (→ linear time)
The optimal structure is one iterative stacking of one pair of bases

G C U G C U G C U G C U G C U

can be translated to more complex energy models, under reasonable
assumptions

K. Boehmer, S. Berkemer, S. Will, Y. Ponty Structure and Interaction Prediction of RNA Triplet Repeats 23rd September 2025 5 / 18



Base pair maximization

Non-triplet setting: O(n3) (Nussinov 1975)
For triplet repeats (XYZ )k : maximum 0 or k − 1 base pairs (→ linear time)
The optimal structure is one iterative stacking of one pair of bases

G C U G C U G C U G C U G C U

can be translated to more complex energy models, under reasonable
assumptions

K. Boehmer, S. Berkemer, S. Will, Y. Ponty Structure and Interaction Prediction of RNA Triplet Repeats 23rd September 2025 5 / 18



The MFE is not unique

G C U G C U G C U G C U G C U

G C U G C U G C U G C U G C U

K. Boehmer, S. Berkemer, S. Will, Y. Ponty Structure and Interaction Prediction of RNA Triplet Repeats 23rd September 2025 6 / 18



Partition Function in Linear Time

1 Create context-free grammar generating all valid structures of one TR pattern
2 Translate the grammar into a system of functional equations involving weighted

generated functions for each non-terminal
3 The partition function corresponds to the coefficient of degree 3k in SG

C (z):
4 The coefficients obey a linear (efficiently computable) recurrence:
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1 Create context-free grammar generating all valid structures of one TR pattern

SG
C → ( ·A SC

G ·A ) | ( ·A SC
G ·A ) SG

C | ·C ·A SG
G | ·C ·A ·G

SC
G → ( SG

C ) | ( SG
C ) ·A SC

G | ·G SC
C | ·G ·C

SG
G → ( SG

C ) ·A ·G | ( SG
C ) ·A SG

G | ·G SG
C

SC
C → ( ·A SC

G ·A ) ·A | ( ·A SC
G ·A ) SC

C | ·C ·A SC
G

2 Translate the grammar into a system of functional equations involving weighted
generated functions for each non-terminal
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SG
C (z) =

∑
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C )

β#BP(s) z |s| =
∑
k≥0

∑
s∈L(SG

C )

such that |s|=3 k

e
#BP(s)
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Z(CAG)k z3k

4 The coefficients obey a linear (efficiently computable) recurrence:

K. Boehmer, S. Berkemer, S. Will, Y. Ponty Structure and Interaction Prediction of RNA Triplet Repeats 23rd September 2025 7 / 18



Partition Function in Linear Time

1 Create context-free grammar generating all valid structures of one TR pattern
2 Translate the grammar into a system of functional equations involving weighted

generated functions for each non-terminal
3 The partition function corresponds to the coefficient of degree 3k in SG

C (z):
4 The coefficients obey a linear (efficiently computable) recurrence:

Z(CAG)k = P1(k)Z(CAG)k−1 + P2(k)Z(CAG)k−2 + · · ·+ Pd(k)Z(CAG)k−d
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RNA interactions
We consider a multiset R of RNA strands of size m

A secondary structure must have some circular permutation of strands such
that the corresponding graph has no crossings

NP-hard in the non-triplet case (Condon et al. 2021)
Factorial-time algorithm: Iterate over all permutations and apply a single-strand
algorithm for the concatenations of strands (Dirks et al. 2007)
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Exponential time algorithm

Idea: Keep track of:
Remaining strands R
leftmost position si

rightmost position rj
s

ji

r

R =

{
...

}
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Exponential time algorithm

Table entries: MR,si ,rj

If we arrive at the end of a strand, we
choose the next inner strand from R
Find final solution (fixing an arbitrary s):

min
r∈R−{s}

MR,s1,r|r|

Running time: O(3m · n3 · m3)

Storage: O(2m · n2 · m2)

Triplet repeats: XP algorithm
parametrised by the number of different
repeat lengths O((m

p )
2p · n3 · p3)

s

ji

r

R =

{
...

}
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Extension to Partition Function - Problem

each structure is counted m times - m “entry points”
Problem: Undercounting of rotational symmetrical structures!
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each structure is counted m times - m “entry points”
Problem: Undercounting of rotational symmetrical structures!

4 entry points: ⃝⃝⃝⃝
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Extension to Partition Function - Problem
each structure is counted m times - m “entry points”
Problem: Undercounting of rotational symmetrical structures!

8 entry points: ⃝⃝⃝⃝⃝⃝⃝⃝
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Extension to Partition Function - Solution
1 r := m

2 Compute r -symmetrical structures
3 subtract higher symmetries
4 decrease r
5 repeat 2-4 until r = 1
6 sum all symmetries together

Z =
∑
S∈Ω

exp{−E(S)/kT}

=
m∑

r=1

∑
S∈Ωmax=r

exp{−E(S)/kT} =
m∑

r=1

Zmax=r
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Extension to Partition Function - Solution
1 r := m
2 Compute r -symmetrical structures
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Z[t ] =
t
m

· (Zt −
⌊m

t ⌋∑
i=2

m
i · t
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Multi-Strand Triplet Repeat MFE is NP-hard

SUMMING TRIPLETS

Input: list of distinct positive integers s1, ..., s3n, encoded in unary
Output: Is there a partition of the si into triples (ai , bi , ci) such that ai + bi = ci?

Introduce (CAG)si for each si

complexes of size < 3 lead to too many unpaired bases (hairpin loops)
complexes of size > 3 give too high association penalties
complexes of 3 strands that do not sum lack symmetry

C A G C A G C A G C A G C A G C A G
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Introduce (CAG)si for each si

complexes of size < 3 lead to too many unpaired bases (hairpin loops)
complexes of size > 3 give too high association penalties
complexes of 3 strands that do not sum lack symmetry
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Unlimited Strands Setting

We now have a pool of strands; strands are not scarce

MFE UNLIMITED STRAND INTERACTION

Input: Set of strands R = {r1, ..., rp}, unary m ∈ N
Output: Smallest MFE of a secondary structure from
m strands all belonging to R

Store the number (not subset) of remaining strands
→ Running time: O(n3 · m2 · p4)

Triplet repeats: O(n3 · m2 · p2)

s

ji

r

R =

{
m′ more strands

}
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MFE structures for homogeneous TR strands
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Heterogeneous TR strands
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Pattern Orthogonality
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Checking heterogeneous base pairs
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