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Problem Setting Greedy algorithm Configuration LP Conclusion

Computational Problem

Max-Min Allocation
Input:

• A set J of items { , , , }
• A set P of players { , , }
• A valuation function f : 2J → R f ({ , }) = 5

Output:

• An allocation A = (Ap)p∈P of the items to
the players such that minp∈P f (Ap) is
maximized

A = { }
A = { , }
A = { }

• Classes of valuation functions that are both expressive and
computationally tractable?
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Additive and Submodular Functions

Definition

A function f : 2J → R is additive if

f (S ∪ T ) = f (S) + f (T )− f (S ∩ T ) [Inclusion-Exclusion principle]

• When all players share the same f : PTAS [Woeginger ’97]

• With different fp: O(nε)-approximation
[Chakrabarty, Chuzhoy, Khanna ’09]

• Restricted assignment: Allocations are restricted by
a bipartite graph, 4 + ε-approximation [Bansal &
Sviridenko ’06, Asadpour, Kalaitzis, Svensson ’08,
Cheng, Mao ’19]
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Additive and Submodular Functions

Definition

A function f : 2J → R is submodular if

f (S ∪ T ) ≤ f (S) + f (T )− f (S ∩ T )

• Diminishing returns: f (1000× ) < 1000 · f ( )

• Marginal contribution: ∆f (j | S) = f (S ∪ {j})− f (S)

• When all players share f : e−1
3e ≈ 0.2-approximation

[Krause, Rajagopal, Gupta, Guestrin ’08]

• Submodular Maximin share: ≈ 0.37 [Uziahu and Feige ’23]
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A Greedy Algorithm

1 Guess the optimal value OPT

2 Allocate the m largest items, one to each player

3 P ′ = {p ∈ P | f (Ap) < α · OPT}
4 (p∗, j∗) = argmaxp∈P′,j∈J ∆f (j | Ap)

5 Allocate j∗ to p∗

6 Unless J or P ′ are empty, go to 3

Goal: Show that all players eventually exceed α ·OPT ⇝ α-approximation

Theorem

Setting α = 2
5 = 0.4, this greedy achieves a 2

5 -approximation. Furthermore,
no value of α can achieve an approximation better than 0.4069.
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Bounding the average satisfaction

• Let q be the player who receives the least in greedy.

Lemma

f (Aq) ≥ OPT− avgp∈P f (Ap).

• For all p ∈ P, we have f (Ap) < 2 · α · OPT:
α · OPT 2 · α · OPT
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Configuration LP

• Fix T . C(T ) = {S ⊆ J | f (S) ≥ T} is the set of valid configurations

Configuration LP [Bansal & Sviridenko ’06]∑
C∈C(T )

xp,C ≥ 1 ∀p ∈ P

∑
C∋j

∑
p∈P

xp,C ≤ 1 ∀j ∈ J

xp,C ≥ 0 ∀p,C ∈ C(T )

• Constant integrality gap
for additive restricted
assignment
[Feige ’08, Haxell &
Szabó ’25]

• Submodular restricted
assignment is open
[O(log log n) by Bamas,
Garg, Rohwedder ’20]

Theorem

The integrality gap of the configuration LP under identical submodular
valuations is between 4

3 and 3.
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Szabó ’25]

• Submodular restricted
assignment is open
[O(log log n) by Bamas,
Garg, Rohwedder ’20]

Theorem

The integrality gap of the configuration LP under identical submodular
valuations is between 4

3 and 3.

Kimon Boehmer (ENS Paris) Submodular Max-Min Allocation SWAT 2026 6 / 9



Problem Setting Greedy algorithm Configuration LP Conclusion

Configuration LP

• Fix T . C(T ) = {S ⊆ J | f (S) ≥ T} is the set of valid configurations

Configuration LP [Bansal & Sviridenko ’06]∑
C∈C(T )

xp,C ≥ 1 ∀p ∈ P

∑
C∋j

∑
p∈P

xp,C ≤ 1 ∀j ∈ J

xp,C ≥ 0 ∀p,C ∈ C(T )

• Constant integrality gap
for additive restricted
assignment
[Feige ’08, Haxell &
Szabó ’25]
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Upper-bounding the integrality gap

Configuration LP (CLP)∑
C∈C(T ,p)

xp,C ≥ 1 ∀p ∈ P

∑
C∋j

∑
p∈P

xp,C ≤ 1 ∀j ∈ J

xp,C ≥ 0 ∀p,C ∈ C(T , p)

Identical-Valuation Dual (IVD)∑
j∈J

yj < m

∑
j∈C

yj ≥ 1 ∀C ∈ C(T )

yj ≥ 0 ∀j ∈ J

• For each instance, find an assignment to IVD

• Show that the assignment is always satisfying for T = β · OPT
• By LP duality, CLP is infeasible for T = β · OPT

⇒ The integrality gap of CLP is ≤ β.
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Proof sketch

p1 p2 p3 p4 p5p1

OPT

2OPT

max
∑

p∈P min(2OPT, f (Ap))

IVD∑
j∈J

yj < m

∑
j∈C

yj ≥ 1

yj ≥ 0
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Proof sketch

p1 p2 p3 p4 p5
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Conclusion

• Greedy gives a 2/5-approximation. Can we improve this?

• NP-hard to approximate better than 1− 1
e ≈ 0.63

[Khot, Lipton, Markakis, Mehta ’08]

• Constant integrality gap for CLP with identical valuations. What
about more general valuations?

[Chakrabarty, Chuzhoy, Khanna ’09]

• Make the bound on the integrality gap constructive

Thank you for your attention!
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